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Abstract 



Integral transforms 

{Hf){x) 



H 



xt 



(ai,ai)i,p 



f(t)dt 



involving Fox's ff-functions as kernels are studied in the spaces ily^r of functions / such 
that 

dt 

/ ItVWr— <oo (1 <oo, i/EM). 
JO t 

Mapping properties such as the boundedness, the representation and the range of the 
transforms H are given. 

1. Introduction 

This paper deals with the integral transforms of the form 



(1.1) 



[Hf){x) 



Tjm'n 



xt 



{bj,Pj)l,q 



f{t)dt, 
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where i^™'" 



is the Fox i7-function. This function of general hypergeometric 



type was introduced by Fox [8]. For integers m,n,p,q such that O^m^g, O^n^p, 
ai.bj G C with C of the field of complex numbers, and o^i, Pj e M+ = (0, oo) (1 ^ i ^ p, 
1 ^ j ^ g) , it is defined by 



[1.2) 



where 



Tjm,n 



Tjm.n 
^P,q 



1 



(ai,ai), ■■■,(ap,ap) 



' I nrm,n 

2m J Z ^''' 



{bj, Pj)l,q 



[1.3) 



nrm.n 
^P,1 



{bj,(3j)l,q 



Y[T{bj + (3js)llT{l - ai - ais) 



i=l 



n r{ai + ais) n r(l - 6,- - 

i=n+l j=m+l 



the contour £ is specially chosen and an empty product, if it occurs, is taken to be one. The 
theory of this function may be found in [2], [29, Chapter 1], [36, §8.3] and [52, Chapter 2]. 
We abbreviate the Fox //-function (1.2) and the function in (1.3) to //^f (x), ^K^^gis) or 
H{x), lK(s) when no confusion occurs. 

Most of the known integral transforms can be put into the form (1.1). When ai = ■ ■ ■ = 
ap = Pi = ■ ■ ■ = = 1, then (1.2) is the Meijer G-function [7, Chapter 5.3] and (1.1) 
is reduced to the so-called integral transforms with G-function kernels or G-transforms. 
The classical Laplace and Hankel transforms, the Riemann-Liouville fractional integrals, the 
even and odd Hilbcrt transforms, the integral transforms with the Gauss hypergeometric 
function, etc. belong to these G-transforms, for whose theory and historical notices see [44, 
§§36, 39]. There are other transforms which can not be reduced to G-transforms but can be 
put into the transform H given in (1.1). Such kinds of transforms are the modified Laplace 
and Hankel transforms [50], [52], [40], [44, §§18, 23, 39], the Erdelyi-Kober type fractional 
integration operators [26], [6], [50], [44, §18], the transforms with the Gauss hypergeometric 
function as kernels [35], [30], [41], [42], [44, §§23, 39], the Bessel-type integral transforms 
[27], [38], [21], [22], etc. 

The integral transforms (1.1) with if -function kernels or i3"-transforms were first consid- 
ered by Fox [8] while investigating G- and //-functions as symmetrical Fourier kernels. This 
paper together with the ones [17], [45], [9], [10], [49], [14], [4], [28] and [34] were devoted to 
find the inversion formulae for the //"-transforms (1.1) is the spaces Li{0, oo) and L2{0, oo). 
Some properties of //"-transforms such as their Mellin transform, the relation of fractional 
integration by parts, compositional formulae, etc. were considered in [11], [12], [13], [51], [46] 
and [15]. In [47], [5] and [1] the operators H in (1.1) were represented as the compositions 
of the Erdelyi-Kober type operators and the integral operators of the form (1.1) with the 
//-function of the less order. Factorization properties of (1.1) in special functional spaces 
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were investigated in [53]. The properties of generalized fractional integration operators, 
being some modifications of the operators (1.1), with iJ™''^-function as the kernel were in- 
vestigated on the space Lp(0, oo) in [24], [16], [25] and on McBride spaces Fp^^ and ^ 
(see [31] and [44, §8]) in [37], [43]. We also note that some facts about multidimensional 
transforms H of the form (1.1) were given in [3, §4.4]. 

The papers [32], [33] were devoted to the range and the invertibility of the operators (1.1) 
in the special cases when lK(s) = r(6 + s/m), r(l — a — s/m) and r{b-\- s/m) /r(l — a — s/m) 
with m > 0, in the spaces S^^^r and its subspaces -Fp,^. The former space with z/ G M = 
(— oo, oo) and 1 ^ r < cxo is defined as the space of those Lebesgue measurable complex 
functions / for which 

(1-4) 11/11.,.= rra^)ry <oo 

Jo t 

(see [40]). Our previous papers [18], [23] were dealt with the study of the mapping properties 
such as the boundedness, the representation and the range of the general transforms H 
defined by (1.1) in the space £j,_2- The results in [18], [23] were extended to the space £,^^r 
with any 1 ^ r < oo in [19], [20], [48]. It is proved that the obtained results are different in 
nine cases: 



1) a* = A = Re(//) = 
4) a* = 0, A < 0; 
7) al = 0, a*2> 0; 


= 0; 2) 
5) 
8) 


a* = A = 0, Re(//) < 0; 3) a* = 0, A > 0; 
al > 0, al> 0; 6) al > 0, = 0; 
a* >0, al> 0, a*2 < 0; 9) a* > 0, al < 0, 


Here 








(1.5) 




n 
i=l 


p m q 

■ y: «i + E/3.- E 

i=n+l j=l j=m+l 


(1.6) 


A = 




P 

- E"i' 
i=l 


(1.7) 




i=i 


^ .P-Q 

E «i + ' 

i=l ^ 


(1.8) 


* 


m 

E/3.- 


P n q 

- Y Oii, a2 = E'^»~ E 

i=n+l 1=1 j=m+l 


We note that 








(1.9) 




a 


* = al + al, A — al — a^. 



The results in [19], [20] and [48] being the extensions of those by Rooney [40] from G- 
transforms to i/-transforms were proved under the additional condition 6 = 1, where 

(1.10) <^=non/5f^ 

i=i j=i 
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The present paper is devoted to extend the resuhs in [19], [20], [48] from S — 1 to any 
6 > 0. Section 2 contains prehminary information from [40] concerning the mapping prop- 
erties on S^^^r of the Melhn transform, Erdclyi-Kober type fractional integral operators and 
generalized Hankel and Laplace transforms. In Section 3 we summarize the results from [18] 
on the asymptotic properties of the function !K{s) defined in (1.3) and its derivative and on 
£,^^2-theory of the transform H. Sections 4 and 5 deal with the one-to-one boundedness, 
representation and range of Jf-transform (1.1) on the space Hj^,, (1 ^ r < cxd) in the cases 
when a* = A = and a* = 0, A 7^ 0, respectively Sections 6 and 7 are devoted to consider 
the cases ^ 0, 03 ^ and a* > 0, a]; < or < 0, respectively. 



2. Some Auxiliary Results 

In this section we collect a variety of facts concerning multipliers for the Mellin transform 
and well known integral operators (see [39], [40]) which we need in next sections. For / e £^^r 
with 1 ^ r ^2, the Mellin transform of / is defined [40] by 



for z/, t G M. We also write (Tlf) (s) for Re(s) = z/ as (JMf ) {1/ + it). In particular, if 
/ e £iy,r r\^u,i, then (9JI/) (s) is given by the usual expression 



First we give the definition of the set A and formulate the multiplier theorem for the 
Mellin transform 

Definition 1. [39, Definition 3.1] We say that a function m belongs to A if there are 
extended real numbers a{m) and /9(m) with Q;(m) < /3(m) such that: 

a) m{s) is analytic in the strip a{m) < Re(s) < P{m); 

b) m{s) is bounded in every closed substrip ai ^ Re(s) ^ (72, where Q;(m) < (7i ^ (72 < 



c) \m' {a + it)\ — O {\t\ ■*■) as |i| —> 00 for Q;(m) < cr < /3(m). 

For two Banach spaces X and Y we use the notation [X, Y] denoting the collection of 
bounded hnear operators from X toY, and [-'^j -'^] is abbreviated to [X]. 

Theorem 1. [39, Theorem 1] Let m G A,a{m) <v < /3(m) and 1 < r < 00. Then 
there is a transform T^n G [£^u,r] such that for every f G £>u,r with 1 < r ^ 2, the relation 



(2.1) 




(2.2) 




/?(m); 



(2.3) 



{mT^f) is) = m{s) {mf) is) (Re(s) = 



4 



holds valid. For a{m) < v < /3{m) and 1 < r ^ 2 the transform is one-to-one on H^^r 
except when m = 0. Ifl/m G A, then for max[Q;(m), Q;(l/m)] < u < min[/?(m), /3(l/m)] 
and for 1 < r < oo, maps Z^^r one-to-one onto itself, and there holds 

rp—l rp 

-'m ~ -'l/m- 



In the discussion of this article we use the special integral operators as follows: The 
Erdelyi-Koher type fractional integrals (see [44, §18.1]) for a, 77 e C with Re(Q;) > and 
cr,a; e M+: 

(2.4) (/o\;.,,/) {x) = I i^" - tT-'t'''""'-'mdt; 

(2.5) (r.^^J-) {x) = Y^j^ - xT''t'^^'-''-''^-'fm; 
the modified Hankel transform for k G R\{0}, Re{r)) > —1 and x e R+: 

(2.6) {H,,J) (x) = r{xtf J, {W\{xtf'-) f{t)dt- 

J 

and the modified Laplace transform for k G R\{0}, a G C and x G R+: 

(2.7) (L,,«/) (a:) = H {xt)-^e-\^\^^'^'''' f{t)dt. 

Jo 

All these transforms are defined for continuous functions / with compact support on R+ for 
the range of parameters indicated. 

For 1/ G R+ we denote by £u,oo the collection of functions /, measurable on R+, such that 

\\f\\u,oc = esssup Ix^fix)] < 00. 

The boundedness properties of the transforms (2.4) - (2.7) and their Mellin transforms 
are given by the following statement. 

Theorem 2. [40, Theorem 5.1] (a) Ifl^r^ 00, Re{a) > and u < a{l + Re{r])), 
then for all s ^r such that 1/s > 1/r — Re(a), the operator /^+.o-,r; belongs to [St,^^r, ^u,s\ 
and is a one-to-one transform from onto £,i,^s- For 1 ^ r ^ 2 and f G £,^^r 

(2.8) i^Io^;.j) is) = r(i+;^+~-r/l) (^/) (^) i^<') = 

(b) If 1 ^ r ^ 00, Re(Q;) > and v > —aRe{r]), then for all s ^r such that 1/s > 1/r — 
Re(a), the operator I'^.^^ri belongs to [St^^r, ^v,s\ and is a one-to-one transform from £^^r onto 
Forl^r ^2andf e£,,r 

(2-9) (a^/W) (^) = r(^ + ^ + rL iMs) = r^). 
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(c) If Kr <oo and j{r) ^ K{iy - 1/2) + 1/2 < Re(77) + 3/2, where 

1 1 



(2.10) 



7(r) = max 



r r 



1 1 

for - + - 

r r 



1, 



then for all s ^ r such that s' ^ — 1/2) + 1/2) ^ and l/s + l/s' = l, tie operator Hi^^r, 
belongs to [-2,^,^, ^i-u,s\ is a one-to-one transform from 2,^,^^. onto £i_i/,s If 1 < r ^ 2 and 
/ e then 



k(s-1/2) 



(2.11) (M«,J) (s) = 



r([r^ + ^(g-l/2) + l]/2) 
r([r/-«;(s-l/2) + l]/2) 



(W) (1 - s) 



(Rc(s) 



1-i/) 



(d) If 1 ^ r ^ s ^ oo, and if z/ < 1 — Re(a) for k > and v > 1 — Re(Q;) for k < 0, then the 
operator L^.a belongs to [£jy,r, -Ci-i/^s] and is a one-to-one transform from Zu,r onto -Ci-i/,^. if 
1 ^ r ^ 2 and / G £j.,,., tiien 



(2.12) 



(m„,„/) (s) = r(/^[s - a])|Ac|i-'^(^-") (mt/) (1 - s) (Re(s) = 1 - i.). 



For further investigation we also need certain elementary operators. For a function / 
being defined almost everywhere on we denote the operators M^, and R as follows: 

(2.13) {M^f){s)^x^f{x) forCeC; 

(2.14) {W,f) {s) = f for S e M+; 

(2.15) m ix) = If (i 

These operators have the following properties for z/ G M and 1 ^ r < cxd (sec [40]): 
(PI) is an isometric isomorphism of £i,^r onto £i,_Re(c),r) and if / G £u,r (1 =2), 
then 

(2.16) {mMJ){s)^{mtf)is + C) (Re(s) = i/-Re(C)); 

(P2) is an isometric isomorphism of £,^^r, and if / G Z^^r (1 ^ = 2), then 

(2.17) {mWsf){s) = 6-'imf){s) (Re(s) = z/); 

(P3) R is an isometric isomorphism of £,^^r onto £i_,y,r, and if / G £,^,r (1 ^ =2), 
then 

(2.18) {mRf){s)^{mf){l-s) {Re{s)^l-u). 
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3. Asymptotic Properties of J{^'^{s) and £i, 2-Theory of Hf- Transforms 



Let a*, A 2 and 6 be given by (1.5) - (1.8) and (1.10), respectively. For inte- 

gers m, n,p, q such that O^m^g, O^n^p and for ai, ■ ■ ■ ,ap,bi, ■ ■ ■ ,bq e C and for 
Pi:' ■ ■ iPq e we define a and P by 



(3.1) 



(3.2) 



a = < 



max 



Rc(6i 



— oo 



mm 



oo 



1 - Re(ai) 



Re(6^ 



f3m 

1 — Re(a„ 
an 



if m > 0, 
if m = 0; 

if n > 0, 
if n = 0. 



Lemma 1. [18, Lemma 1] Ifa,tE R, then the estimate 



(3.3) 



i=l 

X lil^^+^^^'^^exp 



l/2-Re(ai) -Q ^Re(6j)-l/2 



i=i 

7r|t|a* 7rlm(^)sign(t) 



with 
(3.4) 



m + n — 



p + g 



i=l i=n+l j=l i=m+l 



holds as |t| — > oo uniformly in a for a in any bounded interval in R. Further, 



(3.5) {K:^{a + tt)}' = :K^;;-{a + tt) 



log 5 + al log(it) 



-a;iog(-zi) + ^^-^ + 0(^- 



(l^l^oo). 



To present £,^^2-theory for i/-transform we have to define a certain set of real numbers. 

Definition 2. For the function J{(s) given in (1.3) we call the exceptional set £^ of 
IK the set of real numbers u such that a < 1 — u < P and IK(s) has a zero on the hne 
Re(s) 

Theorem 3. [18, Theorem 3] Suppose that 
(a) a < 1 - u < P 
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and that either of the conditions 

(b) a* > 0; 

(c) a* = 0, A(l - i/) + Re(//) ^ 0. 

holds, then we have: 

(i) There is a one-to-one transform H e [£1^,2, -21-1^,2] so that the relation 



(3.6) 



m) (1 - s) 



holds for f e £u,r and Re(s) = 1 - i/. If a* = 0, A(l - i/) + Re(/x) = and v ^ £^5^, tien tie 

operator H maps S.u^2 onto £,i-u,2- 
(ii) For f,g& £u,2 the relation 



(3.7) 



holds. 



POO roo 

/ fix) (Hg) {x)dx = / g{x) {H f) {x)dx 
Jo Jo 



(iii) Let f e £^.,2, A e C and h > 0. If Re(A) > (1 - iy)h - 1, then Hf is given by 



(3.8) 



[Hf) {x) = x^^+'^Z'^ 
^ ■'^^ ^ dx 



X 



f 

Jo 



TTm,n+l 
p+l,q+l 



xt 



(-A, /i), (oi, ai), • • • , (S' "p) 
(6i,A)---,(6„/3,),(-A-l,/i) 



f{t)dt. 



If Re(A) < (l-i/)/i-l, tien 
(3.9) 



d 



-"^ ' dx 



X 



f 

Jo 



TTm+l,n 
p+l,q+l 



xt 



(oi, ai), • • • , (op, Op), (-A, h) 
{-\-l,h),{h,Pi)---,{b^,Pg) 



f{t)dt. 



(iv) H is independent on v in the sense that if Ui and 1^2 satisfy (a), and (b) or (c), and 
if the transforms Hi and H2 are given by (3.6), then Hif = H2f for f e £1/1,2 fl -21/2,2- 

Corollary. Let a < (3 and one of the following conditions holds: 
(b) a* > 0; 

Re(/x) 



(e) a* = 0, A > and a < 

(f ) a* = 0, A < and /3 > 



A ' 
Re(/x) 
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(g) a* = 0, A = and Re(//) ^ 0. 

Then the transform H can be defined on £1,2 with 1 — I3<u<l — a. 

Theorem 4. [18, Theorem 4] Let a < 1 — v < (5 and either of the following conditions 
holds: 

(b) a* > 0; 

(d) a* = 0,A(l-z/) +Re(;u) < -1. 

Then for x e K+, (if/) {x) is given by (1.1) for f e £^,2- 

Corollary. Let a < j3 and one of the following conditions holds: 
(b) a* > 0; 

1 + Refit) 

(h) a* = 0, A > and a < 

(i) a* = 0,A<0and/3>-^^tM^. 
(j) a* = 0, A = and Re(//) < -1. 

Then the transform H can be defined by (1.1) on £^^2 with 1 — (3<v<l — a. 



4. £^ ^.-Theory of the Transform (a* = A = 0) 

In this section, basing on the existence of the transform H on the space £,^^2 which is 
guaranteed in Theorem 3 for some 1/ e R and a* = A = 0, we prove that such a transform 
can be extended to £,^,r for 1 < r < 00 such that i^G [£i/,r, £i-v,s\ for a certain range of 
the value s. We also characterize the range of H on £,^ ,. in terms of the Erdelyi-Kober type 
fractional integral operators Iq_^.„^j and /".^,^ given in (2.4) and (2.5) except for its isolated 
values u G S^. The results will be different in the cases Re(/x) = and Re(/x) 7^ 0, where /j, 
is defined by (1.7). First we consider the former case. 

Theorem 5. Let a* = A = 0, Re(/i) = and a < 1 - u < p. 

(a) The transform H is defined on £j, 2 and it can be extended to 2i,^r ^ an element of 

[£.u,r, ^i-u,r] for 1 < r < 00. 

(b) If 1 < r ^ 2, the transform H is one-to-one on Sl^^r sind there holds the equality 

(4.1) (mtJT/) (s) = :K(s) (W) (1 - s) {Re{s)^l-u). 

(c) If v ^ then H is one-to-one on £1^ ,, and there holds 

(4.2) i?(£.,.) = £1-.,.. 
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(d) If f & £j/,r g e with 1 < r < oo and r' — r/{r — 1), then the relation (3.7) 
holds. 

(e) If f E £,u,r with 1 < r < oo and X E C,h > 0, then Hf is given by (3.8) for 
Re(A) > (1 - iy)h - 1, while Hf is given by (3.9) for Re(A) < (1 - iy)h - 1. 

Proof. Since a < 1 — u < P and A(l — i/) + Re(/x) ^ 0, then according to Theorem 3 
the transform H is defined on f e £,„^2- We denote by IKo(s) the function 

(4.3) :Ko{s) = 6~':K{s), 

where 6 is defined in (1.10). It follows from (3.3) that 



(4.4) 



oo) 



is uniformly in a for a in any bounded interval in M. Therefore 'Ko{s) is analytic in the 
strip a < Re(s) < j3, and if a < ai ^ (72 < /3, then |J{o(s)| is bounded in the strip 
(Ji ^ Re(s) ^ (72. Since a* = A = 0, then in accordance with (1.9) al = — = A/2 = 0. 
Then from (4.3) and (3.5) we have 



(4.5) 



X(o- + it) ^:Ko{a + it) 



log(5) + 



J{'(a + it) 
J{(C7 + it) 



J{o((T + it) 



-log(5)+log(5) + ^^ + 



it 



(|t|^oo) 



for a < (7 < /3. Thus 'Ko{s) belongs to the class A (see Definition 1) with a{^o) — a 
and (3{!Ko) — (5. Therefore by virtue of Theorem 1, there is a transform T e [^y,r\ with 
1 < r < oo and a <v < (3. When 1 < r ^2, then T is one-to-one on £,^_2 and the relation 



(4.6) 

holds for / e S^jj^j.. Let 
(4.7) 



(97tr/) {s) = :Ko{s) {Mf) is) {Re{s) = u) 



Ho = WsTR, 



where Ws and R are given by (2.14) and (2.15). According to the properties (P2) and 
(P3) of the operators Ws and R, we find R G [£>u,r, ^i-u,r], E [^i-^^r, ^i-u,r] and hence 
Ho E [2^^r: ^i-u,r] ioT a < 1 - u < P and 1 < r < oo, too. When a < 1 - u < 1 < r ^ 2 
and / E 2^,r, it follows from (4.7), (2.17), (4.6), (2.18) and (4.3) that 

(4.8) (TlHof) (s) = (mWsTRf) (s) = 6' {mTRf) (s) 

= ™o(s) {MRf) {s) = s':Ko{s) {mf) (1 - s) = :K{s){mf){i - s) 
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for Re(s) — 1 — u. In particular, for / e £^^2 Theorem 3 (i), (3.6) and (4.8) imply the 
equality 



Thus Hof =Hf for / e £,^_2 and therefore ii a < 1 — u < (3, H—Hq on £,^^2 by Theorem 
3 (iv). Since 2u,2r\^u,r is dense in 2,^^r [39, Theorem 2.2], H can be extended to Qu^r if we 
define it there by Hq, and then He [£,i,^r: ^i-v,r]- This completes the proof of assertion (a) 
of the theorem. 

The assertions (b) - (e) are proved similarly to those in [19, Theorem 4.1] where the case 
S — 1 was considered, if we take into account that Ws is a one-to-one transform on 2i-^^r 
and Ws (£i_,y,r) = ^i~u,r ior a < 1 — u < P and 1 < r < 00. The theorem is proved. 

Theorem 6. Let a* — A — 0, Re(/x) < and a < 1 — u < (3, and let either m > or 
n> 0. 

(a) The transform H dehned on 2ju,2 can be extended to £^,r -for 1 < r < 00 as an 
element of [2i,^r: ^i-iy,s\ for all s ^ r such that 1/s > 1/r + Re(/x). 

(b) If 1 < r ^ 2, then H is a one-to-one transform on Zi,^r and there holds the equality 



forO < /c ^ 1 andn > 0. Ifv e i?(£i.,r) is a subset ofI_'^^ _^i^ {^v,r) -^o-/^fc,/3/jfc-i {^v,r) , 
when m > or n > 0, respectively. 

(d) Iffe SLy^r and g G £^,,5 with l<r<oo,l<s<oo and l^l/r + l/s<l - Rc(/i), 
then the relation (3.7) holds. 

(e) If f e £,u,r with 1 < r < cx) and X E C,h > 0, then Hf is given by (1.8) for 
Re(A) > (1 — z/)/i — 1, while Hf is given by (3.9) for Re(A) < (1 — i')h — 1. If furthermore 
Re(;u) < —1, then Hf is given by (1.1). 

Proof. Since a<l-i'<P,a* = and A(l - u) + Re(/i) = Re(/i) < 0, then from 
Theorem 3 the transform H is defined on £,y^2- 

If m > or n > 0, then a or P are finite in view of (3.1) and (3.2). We set 



(4.9) 



{WtHof){s)^{MHf){s) {Re{s)^l-u). 



(4.1). 





(4.12) 



r{[s - a]/k-fx) 
r([s - a\/k) 



J{(s) 



•m+l,n 
■p+l,q+l 



(ai, tti), ■ • • , (op, ap), {-a/k, l/k) 
{-H - a/k, l/k), (61, A), • • • , {bq, (3q) 



s 



for m > and ^ 1, and 



(4.13) 



T(\(3-s]/k-^i) 

m - s\/k) 



:k(s) 
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nrni,n+l 



{I + 11- /3/k, 1/k), (oi, ai), • • • , {ttp, ap) 



for n > and < A; ^ 1. We denote by ai, al, Ai, 5i and /ii for !Ki, and by a2, P2, 0,2^ 
A2, S2 and /i2 for 'K2 instead of that for "K. Then we find that 

Oil = max[Q;, a + /cRe(/i)] = a, /5i = /5, = a* = 0, Ai = A = 0, (5i = 5, /xi = 0, 
a2 = a, = min[/9, /? - kRe{iJ,)] = 02 = a* = 0, A2 = A = 0, ^2 = (5, //2 = 0, 

and the exceptional sets Sj^^ and Sj^^ of IKi and IK2 coincide with that £j{; of IK. Then 
according to Theorem 5, ifa<l — z/</3 and 1 < r < 00, there arc transforms Hi G 
-Ci-i/.r] for m > 0, A; ^ 1 and H2 G [£1.,^, -^i-,/,,-] for n > 0, < /c ^ 1; and if / G £,,,r 
with 1 < r ^ 2, then by (4.1) 



(4.14) 
We set 
(4.15) 
and 
(4.16) 



(mHj) (s) = :K,{s) (Mf) (1 - s) (Re(s) = 1 - i/; i = 1, 2). 



Hi^rl^^/,Hi for m>0,/.^l, 



1/2 



^H2 for n > 0, < A; ^ 1. 



Using Theorem 2 (b) in the first case and Theorem 2 (a) in the second, and taking the same 
arguments as in the proof of Theorem 5, we arrive at the assertion (a) of the theorem. The 
assertions (b) - (e) are proved similarly to that in [19, Theorem 4.2] (while considering the 
case 5 = 1) on the basis of Theorem 5 and Theorem 4 in the case Re(/x) < —1. 



5. £^ ,.-Theory of the Transform H (a* = 0, A 7^ 0) 

In this section we discuss that, if a* = and A 7^ 0, then the transform H defined on 
Zv^2 can be extended to 2,y^r such a.s H E [2u,r, '^i-,^,^] for some range of values s. Then 
we characterize the range H on £^^r, except for its isolated values v G £ji in terms of the 
Hankel modified transform H^^j^ and the elementary transform given in (2.6) and (2.13). 
The result will be different in the cases A > and A < 0. First we consider the case A > 0. 

Theorem 7. Let a* = 0, A > 0, -00 <q;<1-z/</?, l<r<oo and A(l - v) + 
Re(/x) ^ 1/2 — 7(r), where 7(r) is defined in (2.10). 

(a) The transform II defined on Zv,2 can he extended to 2,y^r to he an clement of 
[ilu,r,2.i-^,s] for all s with r ^ s < 00 such that s' ^ [1/2 - A(l - u) - Re(//)]-^ with 

1/s + l/s' = 1. 

(b) If 1 < r ^ 2, the transform H is one-to-one on £1^,, and there holds the equality 
(5.1) {mHf){s)^'K{s){mm-s) {Re{s)^l-v). 
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(c) Ifv^ £r^, then H is one-to-one transform on £,,^^r- If we set r) — — Ace — // — 1, then 
Re{ri) < — 1 and there holds 

(5.2) H(£,i,^r) = (-^/i/A+l/2-f^A,r?M^/A+l/2) {^u,r) = (-^/i/A+l/2-f^A,»7) ('2i/-Re(/i)/A-l/2,r-) ■ 

Wiien z/ G £^jf, then H{£^^r) is a subset of the right hand side of (5.2). 

(d) If f e £i,^r and g e £^^s with 1 < r < oo, 1 < s < oo, 1/r + l/s ^ 1 and A(l - z/) + 
Re(/i) ^ 1/2 — max[7(r), 7(s)], tiien the relation (3.7) ioids. 

(e) Jf/ e with l<r<cx),AeC, /i>0 and A(l-z/) + Rc(/i) ^ l/2-7(r), then Hf 
is given by (3.8) for Re(A) > (1 — z/)/i — 1, while Hf is given by (3.9) for Re(A) < (1 — i/)/i — 1. 
Jf A(l Re(/i) <-l, Hf is given by (1.1). 

Proof. Since 7(r) ^ 1/2, we have A(l — i/) + Re(//) ^ by the assumption, and hence 
from Theorem 3 the transform H is defined on £,^^2- The condition A > and the relation 
A(l Re{n) ^ imply z/ ^ 1 + Re(//)/A and a < -Re(//)/A. 

Since a* = 0, then by (1.9) 

(5.3) al^-al = ^> 0. 
We denote by "K^ls) the function 

(5.4) :K3(.) = S-\alf-^^-^- ^^;^trf^'~'7^^ ^(1 - s). 

1 (ai[l — q; — s\) 

As aheady known, the function IK(1 — s) is analytic in the strip 1 — f3 < Re(s) < 1 — a and 
the function T{—fi + a*[s — 1 — a]) is analytic in the half-plane Re(s) > a + 1 + Re(/i)/aJ= 
a + 1 + 2Re(/x)/A. Since a < — Re(/i)/A, then 1 — a>Q;-|-l-|- 2Re(/x)/A. Therefore if we 
take CKi = max[l — /3, a + 1 + 2Re(/i) / A] and Pi — 1 — a, then cti < /3i and IK3 (s) is analytic 
in the strip ai < Re(s) < Pi. 

Setting s — a + it and a complex constant k — c + id, we have the behavior 

(5.5) r(s + k)^r{c + a + i[d + t]) ~ V2^|i|c+<^-V2e-^|t|/2-7r<isign(t)/2 

as |)f:| — s> 00 (see [18, (2.12)]). Then by taking a* = 0, A = 2al and (3.3) into account we 
have from (5.4) that 



P Q 



(5.6) \:Ks{a + it)\r. {2nf H al^'"'"'^'''^ IT /Sf (^*)(i-)A+Re(M) 

i=i i=i 

X |Q*^|2«J'^-2aJ-ReM |^|(l-a)A+Re(/.)g7r[Im(/i)-Im(0]sign(t)/2 ^ ^ Q 

as \t\ —>■ 00, uniformly in a for a in any bounded interval. Therefore, if cti < (7i ^ (72 < 
then ^3(3) is bounded in ai ^ Re(s) ^ (72. 
If ai < (7 < then 

(5.7) ?{3((7 + it) = 5{3((7 + «^)|log(5) - Alog(at) + alip{al[s - a - 1] - //) 

JC'fl - s) 1 



-|-a^'^(ai[l — a — s]) — 



J{(l-s) j' 
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where '0 is the psi- function t/j(z) — r'{z)/r{z). Applying the estimate 

c + a 



(5.8) 



ilj{c + a + it) = log(it) + 



t 



oo 



with c e C (see [40, (3.9a)] and using (3.5) with a* — 0, (5.3), (5.6) and (5.8), we have from 
(5.7), as \t\ — > oo. 



(5.9)3^3((T + ii) 

= ?{3((7 + it) I log(5) - 2at log(a*) + a*. 



log(ia*i) + 



al{a-a-l)-fi-l/2 
ia\t 



\og{—ia\t) 



al{l-a-a)-l/2 



ia\t 



\og{8) + al log(-it) + log(it) - 



// + A(l - cr) 



it 



+ 



O 



^2 



So e ^ with a{^s) — ai and ^{^3) — Pi- Hence due to Theorem 1 there is a transform 
T3 e [£,^^r] corresponding to IK3 with 1 < r < 00 and ai < u < Pi, and if 1 < r ^ 2, then T3 
is a one-to-one on Sl,^r and 



(5.10) 



(9jrT3/)(s) = Ji3{s){mf){s) (Re(s) = i/). 



In particular, if u and r satisfy the hypothesis of this theorem, it is directly verified that 
ai < u < Pi and hence the relation (5.10) is true. 
For 77 = —Aa — // — 1 let /f 3 be the operator 



(5.11) 



H3 = WsMf^/A+l/2HA,-qM^/A+l/2T3 



composed by the operator Ws in (2.14), the operator in (2.13), the modified Hankel 
transform (2.6) and the transform T3 above, where a < — Re(/i)/A so that Re(77) > —1. 
For 1 < r < 00 and ai < u < Pi the properties (PI), (P2) and Theorem 2(c) yield 
Hs e [£>r,iy, ^i-u,s] for all s ^ r such that s' ^ [1/2 — A(l — u) — Re(//)]~-'^, and in particular. 

If / e 2.^,r with 1 < r ^ 2, then applying (2.17), (2.16), (2.11), (5.10) and (5.4) and 
using the relation 77 = — Act — /i — 1, we have for Re(s) = 1 — v 

(5.12) {TtHsf) is) 

= {mWsM^/A+l/2HA,r,M^/A+l/2T3f) (s) 
= (TtM^/A+l/2HA,r,M^/A+l/2T3f) (s) 

= (Ma,,M^/a+i/2T3/) (5 + £ + 

2 X As+/. + As + + l]/2) 



r{[r)-As-fi + l]/2) 



(OJlM^/A+i/aTa/) 1 



f, 1 
^-A-2 
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/2N^-+^ T{A[s-a]/2) . 

= r/l"*t7.1-lli ^^^^ - ^) (1 - s) 

i (— // — ai[s + a\) 
= im) (1 - . 

In particular, if we take r = 2 and / G £^,2, then {DJlHsf) (s) = (TlHf) (s) for Re(s) = 
1 — i/, and hence =H on £^^2- Thus, for all and r satisfying the hypotheses of this 
theorem, H can be extended from £^2 to £^^r if we define it by given in (5.11) as an 
operator on [2u,r, £i-u,s]- This completes the proof of the statement (a) of the theorem. 

The assertions (b) - (e) are proved similarly to those in [19, Theorem 5.1], when the case 
5 — 1 are considered, and the theorem is proved. 

Theorem 8. Let a* = 0, A < 0, a < 1 - i/ < /3 < 00, 1 < r < 00 and A(l - u) + 

Rc(^) S 1/2 -7(r). 

(a) The transform H defined on 2,^2 can he extended to £,y^r to he an element of 
[S^y^ri £i-u,r] for all s with r ^ s < 00 such that s' ^ [1/2 — A(l — u) — Re(/i)]~^ with 
1/s + l/s' = 1. 

(b) If 1 < r ^ 2, then the transform H is one-to-one on Sind there holds the equality 
(5.1). 

(c) If u ^ Sj{, then H is a one-to-one transform on £,u,r- If we set rj = —Af3 — /i — 1, 
then Rc{ri) > — 1 and the relation (5.2) holds. When v e then H.{Zi,,r) is a suhset of the 
right hand side of (5.2). 

(d) If f e Sl^^r and g e Sl„,s with l<r<oo,l<s<oo,l/r+l/s^l and A(l - u) + 
Re(/x) ^ 1/2 — max[7(r), 7(5)], then the relation (3.7) holds. 

(e) Iff e with l<r<oo,\eC,h>0 and A(l-z/) + Re(^) ^ l/2-7(r), then Hf 
is given 5/(3.8) for Re(A) > {l — i')h — l, while Hf is given 5/(3.9) for Re(A) < (1 — i/)/t — 1. 
If A(l -u) + Re(/i) < -1, then Hf is given hy (1.1). 

The proof of this theorem is based on Theorem 7 and it is similarly to that in the case 
(5 = 1 in [19, Theorem 5.2]. 

Corollary. Let l<r<oo,a<i3,a* = and one of the following conditions holds 
(a) A>0, „< V2-Ry-7('-) ^ 

(c) A = 0, Re{ii) S 0. 

Then the transform H can be defined on 2,yr with a < 1 — u < p. 



6. £^,^-Theory of the Transform H (a* > 0, ^0 and ^ 0) 
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When a* > and a < 1 — < P, then according to Theorem 4 the Hf-transform is 

defined on 2 and given by (1.1). Let us show that it can be extended to Sl^^. for any 
1 ^ r ^ 00. The next statement is proved similarly to that in case 5 = 1 in [20, Theorem 
2.3]. 

Theorem 9. Let a*>0, q;<1 — z/</3 and 1 ^ r ^ s ^ 00. 

(a) The H -transform given in (1.1) is defined on £j,2 and can be extended to as 
an element of [£,u,r, ^i-u,s\- -ff 1 ^ r ^ 2, then H is a one-to-one transform from H,^,. onto 

(b) If / e 2,u,r and g G £>,^^s' with 1/s + 1/s' = 1, then the relation (3.7) holds. 

We give conditions for the transform H to be one-to-one on and to characterize 
its range on except for its isolated values u G S^, in terms of the modified Laplace 
transform L^^a and the Erdelyi-Kober type fractional integration operators fo+;(T,7? I"-a,'n 
given in (2.7), (2.4) and (2.5). In this section we consider the case when a* > 0, a* ^ 
and a2 ^ 0. The results will be different along combinations of signs of al and 03. First we 
consider the case a* > and > 0. 

Theorem 10. Let al > 0,a*2> 0, -00 <q;<1-i/</5<oo and uj = iJ, + ala - a^P + 1 
and let 1 < r < 00. 

(a) Ifu^Eji, orifl ^ r ^2, then H is a one-to-one transform on 2,y^r- 

(b) IfRe{uj) ^0 andiy^S^K, then 

(6.1) H{£,^^r) — (-^o*,a-^a*,l-/3-w/a*) (^l-u,r)- 

When u e Sji, H[2,i,^r) a subset of the right hand side of (6.1). 

(c) If Re(a;) < and u ^ then 

(6.2) H{2,y^r) = {lZ^i/al-alaLal,aLa*,l-f3) {S.l-iy,r) ■ 

When V G E-y^^ H{2„^r) -is a subset of the right hand side of (6.2). 
Proof. We first consider the case Re(a;) ^ 0. We define 'K4{s) by 

( , *\al{s-a)-l ( „*\a2 (l3-s)+ui-l 

(6-3) :kJs) = -P-^^ K^^T^ — ^ — r r^^(s). 

^ ^ r{a\[s -a])r{a*2[(3 - s]+uj) 

Since Re(ci;) ^ 0, the function ^{4(5) is analytic in the strip a < Re(s) < /3. According to 

(3.3) and (5.5) we have the estimate, as \t\ — > 00, 

(6.4) |J{4(a + ^t)| ~ (a*)»t(<^-")-i(a;)«2(/3-<^)+Re(a;)-i 

X J_(a*|^|)<("-'^)+V2(-Q*|^|-)a2(^-/3)-ReH+l/2g[(a];+a^)|t|-Im(a;>^^^ 

27r 

X ]^ a-^^"^''^"'-' /^^^(^^■^-^/2(27r)'^*|i|^'^+^^('')e"["*l*l+^°'(^^''^''^*^^''/^ 
^ ^ Q,V2-Re("0 -Q ^Re(6.)-i/2^27r)^*-^(ata;)"^/^e~P"'(^)+^'"^'^)l^'s°(*)''/^ 
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uniformly in a on any bounded interval in R. Further, in accordance with (3.5) and (5.8) 
(6.5)[K;((7 + it) = J{4((7 + ii)| a* log(at) - a; log(a;) - atV'(ans - a]) 



^ali){a\\^-s\ +u;) -log(5) + 



'K{a + it) 



— 3-C4((T + it) "I a{ log(aj) — a'2 log(a2) — log(m^t) + 

a^(/3-o-)+a;-l/2" 



a{{a-OL) -1/2 
ia\t 



+09 



\og[-ia\t) 



ia%t 



log(5) 



+ 



log(5) + al log(it) - al log(-it) + 



H + Aa 



it 



+ 



^2 



= 



as |t| — > cxD. So IK4 G v4. with 0(1X4) = a and /?(3-C4) = /? and Theorem 1 implies that there is 
a transform T4 e [£;/,r] for 1 < r < 00 and a < u < P so that if 1 < r ^ 2, then the relation 



(6.6) 

holds. Let 
(6.7) 



{mT,f){s) = :K,{s){Tlf){s) {Re{s) = u) 



H4 — WsLa*,aLa*,l-l3-ui/a*T4R, 



where Ws and R are defined by (2.14) and (2.15). Then it follows from the properties (P2) 
and (P3) in Section 2 and Theorem 2 (d) that ifl<r^s<oo and a < 1 — u < j3, then 

For / e £^,2 applying (6.7), (2.17), (2.12), (6.6) and (2.18), we have 

(6.8) (WlH^f) (s) = {mWsLa*,aLa*,l-p-u./a*T4Rf) (s) 

- ^' ""^^jt'S {^L^*.^-P-^/a{r,Rf) (1 - S) 

_ ,s ^K[s - c^]) r{a*,[l + s-{l-P- u/am 

= ,.r(a;|.-ai)r(«M^-.] + ^) 

= J{(s) (9Jl/)(l-s)- 

Thus we obtain that if / G £^,2, then (TIHJ) (s) = (TlHf) {s) with Rc(s) = l-u. Hence 
i?4 ^iJ" on £j, 2 and H can be extended from £,^ 2 to if we define it by (6.7). Further 
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the proof of assertion (b) is carried out similarly to that in [20, Theorem 3.1] for the case 
S = l. 

Let Re(a;) < 0. We denote by ^^{s) the function 
^^•^^ r^ialis - a]na*,[P - s]) ^ 

which is analytic in the strip a < Re(s) < p. Similar arguments to (6.4) and (6.5) show the 
estimates 

(6.10) \:K5{a + tt)\ 

~ n a-''^"^^^"'-' n /3^*^(''>)-^/2(27r)^*-i(ai)"^^('^)~^/^(a2)"^/^e[~^"'(^)+^"'^'^)l^'^°(*)''/^ 
i=i j=i 

and 

(6.11) :K'^{a + it)^:K5{a + it)l^al\og{al)-a*\og{a*) + ali/j{al[s-a] - u) 

-2a*Mal[s -a]) + a*^^;{4[P - s]) - \og{S) + ^'^^ + ^ 



Ji{a + it) 

/ 1 \ 

= 



1 

as |t| oo hold uniformly in a on any bounded interval in R. So IK5 G A with aCK^) = a 
and /3(!K5) = /3. By Theorem 1 there is a transform T5 e [S>u,r] for 1 < r < 00 and a < u < (3 
so that, if 1 < r ^ 2, 

(6.12) mnf){s) = :K5{s){mf){s) (Re(s) - z/). 
Let 

(6.13) H5 = WsIZ^i/al,a'^a^al,aLa*,l-pT5R. 

Using again the properties (P2), (P3) in Section 2 and Theorem 2 (b), (d), we have that if 
a < 1 — u < P and 1 < r ^ s < 00, then H5 G [iii^.r, -Ci-i/.s]- For / G £i/,2 and Re(s) = 1 — 1/ 
applying (6.13), (2.17), (2.9), (2.12), (6.12), (2.18) and (6.9) we obtain similarly to (6.8) that 

(6.14) {mH,f) (s) 

= 8' r(a^[g-a]) . ,.T,Rf) {s) 

r(a-[5-«]) r(a-[5-aD rj^An \ 
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_ r{al[s-a]) r{al[s-a])T{a*[l-s]-[l-P]) 

~ r{al[s-a]-u;){aiyl(^-"y^ (a*)aUii-s)-{^-0))-i K-^'^^^^J ) K-V 

r{al[s -a]- a;)(at)«t(^-")-i(a|)«2(/3-^)-i ' ^ ^ ' 

^'K{s){mf){l-s). 

Applying this equality and using similar arguments to those in the case Re(a;) ^ 0, we com- 
plete the proof for Re(a;) < 0. 

Now we proceed to the case a* > and 03 = 0. 

Theorem 11. Let a\ > 0, 03 = 0, -00 <q;<1-i/</3, a; = /x + a^a + 1/2 and 
1 < r < 00. 

(a) Ifv^ S'x, or 1 < r ^ 2, then H is a one-to-one transform on £,^_r- 

(b) IfRe{uj) ^0 andiy^ £ji, then 

(6.15) H{£,,r) = Lal,a-o./al{^,,r). 

When v G S^m:, HiH^j.) is a subset of the right hand side of (6.15). 

(c) If Re(a;) < and v ^ then 

(6.16) i?(£.,.) = {r^fal,-alaLa*,a) (£.,.)• 

When V G £^jf, H{Sl,y^r) is a subset of the right hand side of (6.16). 
Proof. We first consider the case Re(a;) ^ 0. We define ^6{s) by 

1 [alls — a\ + Lo) 

Since Re(u;) ^ 0, 'Kq{s) is analytic in the strip a < Re(s) < /?. Arguments similar to those 
in (6.4) and (6.5) lead to the estimates 

(6.18) \:Keia + it)\r^f[ f[ ^M;>.)-l/2(2^)c*-l/2(^*)-l/2g[-Im(0+Im(c.)]sign(t)./2^ 

i=l j=l 

and 

(6.19) :KQ{a + it) 

= :Ke{a + it) jat log(a*) - at^(a*[5 - a] + a;) - \og{6) + ^^^^| 
= (|t|-oo) 
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uniformly in a in any bounded interval in E. Thus "K^ G A with ^(IKe) = a. and /^(IKe) = /9 
and Theorem 1 implies that there is a transform G [-^i^.r] for 1 < r < oo and a < v < (3 
and, if 1 < r ^ 2, 

(6.20) (9Jir6/)(s) = 5{6(s)(W)(s) (Re(s) = i^). 
We set 

(6.21) i?6 = WsL,*^,o.-u./alRTQR- 

Then it follows from the properties (P2) and (P3) in Section 2 and Theorem 2 (d) that, if 
a < u < 13 and 1 < r ^ s < oo, then iJg G [ii;/,r, -Ci-!/,*]. 

For / G £^,2 applying (6.21), (2.17), (2.12), (6.20), (2.18) and (6.17), we obtain for 
Re(s) = 1 - 1/ ' 

(6.22) {mHef){s) = {mWsLa*^,a-^/aiRTeRf){s) = 6%mLa*,a-o./aiRT6Rf){s) 

^^.r(at[s-a + a;/at]) 



(aJti^^ei?/) (1 - .) 



( 

(TO)(.) 

=^^^;|te^^e(.)(o.i./)(.) 

= '^^^(§|(=^|t^ ^Ke(.)(w)(i -s) = nsmm - s). 

Applying this relation and using the arguments similarly to those in the case Re (a;) ^ of 
Theorem 10, we complete the proof of theorem for Re(a;) ^ 0. 
For the case Re(a;) < 0. We define ^7{s) by 

which is analytic in the strip a < Re(s) < /?, and in accordance with (3.3), (3.5), (5.5) and 
(5.8), we find 

(6.24) |:K7((7 + it)\r^f[ f[ l3f'^'^^-'/\27rf-^/^ 

i=i j=i 



(6.25) 



J{'^(a + it) = ^Kria + it) 



al log(a*) + ali[^{al[s — a] — a;) 



-2alilj{al[s-a\)-\og{6) + 



:K'{(t + it) 
:K((7 + it) 
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as \t\ — > oo uniformly in a on any bounded interval in R. Then IK7 e A with a{J{-j) = a 
and PCKj) = (3. By Theorem 1, there is T7 e [iii^.r] for 1 < r < 00 and a < v < (3 so that, if 

I < r ^ 2, 

(6.26) mT,f){s) = (Re(s) = v). 

Setting 

(6-27) ifr = w^.Cv„^-„^.^a^ai?^7i? 

according to the properties (P2) and (P3) in Section 2 and Theorem 2 (b), (d), we have that 
\la <l — v < 13 and 1 < r ^ s < 00, then Jf/ e [Zv,r, ^i-v,s\- If / £ -2,^,2 and Re(s) = 1 — i/, 
applying (6.27), (2.17), (2.9), (2.12), (2.18) and (6.26) we obtain similarly to (6.8) that 

(6.28) mHrf){s) = {mVsIZ^/^.^^.aiaLai^aRT.Rf) (s) 

= ^^f(fS^(^--™)(^) 

= , r ^ r''\.T*r — rr^ris) (MRf) (s) 
= J{(s)(9Jl/)(l-s)- 

Using this relation and the arguments similar to those in the case Re (a;) < of Theorem 10, 
we complete the proof for Re(a;) < 0. 

In the = and a2 > the following statement is proved on the basis of Theorem 

II similarly to that in the case 5 = 1 in [20, Theorem 3.3]. 

Theorem 12. Let a^ — 0, a2>0, a<l — uK^Koo and uj — ^ — 0^(3 + 1/2 and let 
1 < r < 00. 

(a) If u ^ S^, or 1 < r ^ 2, then H is a one-to-one transform on Slu,r- 

(b) If Re(t,;) andiy ^ Sji, then 

(6.29) H{£,i,^r) ^ L_a*,f3+u:/a*{^u,r)■ 
When V G H{£,u,r) is a subset of the right hand side of (6.29). 

(c) If Re(a;) < and v ^ E^y^, then 

(6-30) H{Zi,,r) = {lQ+;l/al,all3-l^-<^l,l3) {^u,r)- 



T{al 


[s 


— a] — 




(s-a)-l 






T\al\ 


[s-a]) 




V{a\ 


[s 


— a] — 




(s-a)-l 








[s-a]) 




T{al 




-0]- 


u){a\)< 


(s-a)-l 
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When 1/ e H{2,i,^r) a subset of the right hand side of (6.30). 



7. £,,,.-Theory of Jf -transform (a* > and < or < 0) 

In this section we give conditions to the transform H to be one-to-one on £,^^r and char- 
acterize its range on 2iy^r except for its isolated values u e S^^ in terms of the modified 
Hankel transform iJ^.r; and modified Laplace transform L«;,q given in (2.6) and (2.7). The 
results will be different in the cases al > 0,a2 < and al < 0,al> 0. We first consider the 
former case. 

Theorem 13. Let a* > 0, al > 0, < 0, a < 1 - u < P and 1 < r < oo. 

(a) If u ^ S^, or if 1 < r ^ 2, then H is a one-to-one transform on £^^r- 

(b) Let 

(7.1) uj ^ a*r] - fi - ^, 

where /i is given 5/(1.7), and let rj be chosen as 

(7.2) a*Re{ri) ^ 7(r) + 2a;(i/ - 1) + Re(/x), 

(7.3) Re{7]) > I/-1, 

with 7(r) being given 5/(2.10), and let ( be chosen such that 

(7.4) Re(C) <l-iy. 
Ifv^E'x-, then 

(7.5) ilf(£^,r) = (-^l/2+a)/(2o*)-f^-2o*,2o*C+t^-l-^-o*,l/2+r/-w/{2a*)) ('23/2+Re(a))/{2a* )-!/,r) , 

where is given by (2.13). If v & then H{£,i,r) is a subset of the right hand side of 
(7.5). 

Proof. We consider the function 

For Re(s) = 1 — i/ according to (7.1), (7.2), (7.4) and the relations 7(r) ^1/2 and > 0, 
we have 

Re[a;(s + C) + ^^1 = al[l-u + Re(C)] + a*Re{r]) - Re(//) - ^ 

^ a;[l - i/ + Re(C)] + [7(r) + 2a;{u - 1) + Re(A^)] - Re(/x) - ^ 
- a;[i/ - 1 + Re(C)] + 7(r) - ^ ^ a^I^^ - 1 + Re(C)] > 
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and hence the function ^si^) is analytic in the strip a < Re(s) < (3. Applying (3.3), (3.5), 
(5.5) and (5.8) we obtain the estimates 

(7.7) \:Ks{a + tt)\ 



P 



Yl a^/^"^^^"*^ Y[ ^R-e(6j)-l/2^27r)^*-V2(Q*)-l/2g-[2opm(C)+Im(0+ImH-o*Im(j?)]sign(t)7r/2 
i=l j=l 

and 

(7.8) :K's{a + it) ^:K8{a + it)l^a* log(a*) - 2a; log{\a*\) + a*iP{a*[s + C] + ^^) 

:K'(ct + it) ] 



-a*jjj{a*[s + 77]) + a;V'(a;[C - s]) - \og(5) + 



Ji{a + it) 



as \t\ -^00, uniformly in cr on any bounded interval in M. 

Thus we have "Ks G A with a^Kg) = and /^(IKg) = (3 and by Theorem 1, there is a 
transform Tg e [^^,r] for 1 < r < 00 and a < u < so that if 1 < r ^ 2, 

(7.9) mTsf){s) = :Ks{s){mf){s) {Re{s) = u). 
Let 

(7.10) Hs = WsMi/2+uj/{2a*)H-2a*,2a*C+(^-lL-a*,l/2+r,-u:/{2a*)M^l/2-u,/{2a*)TsR- 

It is directly verified that if the conditions of theorem satisfy, then in accordance with 
properties (PI) - (P3) in Section 2 and Theorem 2 (c), (d), Hg G [£,u,r, ^i~u,r]- 

If / e £u,2, then applying (7.10), (2.17), (2.16), (2.11), (2.12), (2.16), (7.9), (2.18) and 
(7.6), we have for Re(s) = 1 — u 

(7.11) {mHsf){s) 

— (^^WsMi/2+ui/i2a*)H-2a*,2a*C+u>-lL-a*,l/2+7j-ij/{2a*)M_l/2-ui/{^^^ TsRf) (s) 
= 5^ (WlMi/2+u,/{2a*)H-2a*,2a*C+oj-lL-a*,l/2+v-oj/{2a*)M^l/2-oj/{^^^ (s) 

= 5' (9Jl-ff_2a*,2a|C+a;-l-^-a*,l/2+r,-a;/(2a*)-^-l/2-a;/(2a*)r8-R/) + 3 + 



X 



T{ai[s + C]+uj) 

(mL_a*,l/2+n-<^/{2a*^)M_i/2-u,/{2a*)T8Rf) (^3 ~ ^ ~ 
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. r{a*[C-s])T{a*[s + v]) 
r{a*2[s + C]+u;) 




{TtTsRf) is) 




:Ks{s) {mRf) is) 



Using this relation and the arguments similar to those in the case 5 = 1 in [20, Theorem 
5.1], we complete the proof of theorem. 

Corollary 1. Let a* > 0, > 0, 03 < and let -00 ^ a < l-u < P ^00, l<r<oo. 

(a) If u ^ S^, orifl<r^ 2, then H is a one-to-one transform on 2,u.r. 

(b) Let uj be given by (7.1) and let rj and C be chosen such that either of the following 
conditions holds 

(i) a*Re{ri) ^ 7(r) - 2alP + Re(/i), Re(7;) ^ - a, Re(C) ^ a, if -00 < a < (3 < 00; 

(ii) a*Re(77) ^ 7(r) - 2a^/3 + Re(//), Re(77) > ly - 1, Re(C) < 1 - ly, if -00 = a < /3 < 00; 

(iii) a*Re{rj) ^ 7(r) + 2al{u - 1) + Re(/x), Re(77) ^ - a, Re(C) ^ a, if -00 < a < /3 = 00. 

Then if 1/ ^ H{Sl^^r) can be represented by the relation (7.5), and if v e S^, H{Sl^^r) 1^ 
a subset of the right hand side of (7.5). 

Corollary 2. Let a* > 0, > 0, 02 < and let —00 <a<l — z/</5<oo, l<r<oo. 

(a) If v ^ Sji, or if 1 < r ^ 2, then H is a one-to-one transform on Zy^r- 

(b) Let a*a — 2a*2l3 + Re(/x) + 7(r) ^ 0, where n is given by (1.7), uj — —a*a — ix — 1/2 
and C be chosen such that Re(C) S cn- Then if u ^ H{£,j,^r) can be represented in the 
form (7.5), and if u e E^, then H{£„y^r) is a subset of the right hand side of (7.5). 

Finally we consider the case when a* > 0,al < and > 0. On the basis of Theorem 
13, the following statement is proved similarly to that in the case 5 1 in [20, Theorem 5.2]. 

Theorem 14. Let a* > 0, al < 0, a2 > 0, a < 1 - u < P and let I < r < 00. 

(a) If u ^ S^, or if 1 < r ^ 2, then H is a one-to-one transform on £y^r- 

(b) Let 

(7.12) u;^a*r]-A-i^-^, 

where A and jj, are given by (1.6) and (1.7) and let r] he chosen such that 

(7.13) a*Re(r^) ^ 7(r) - 2aliy + A + Re(//), Re(7^) > -u, 
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and let ( be as 



(7.14) 



Re(C) < 1^. 



Ifu^S^, then 



(7.15) H{£t,^r) = (A^-l/2-u;/(2a*)-f^2a*,2a* 



C+a)-l-^a*,l/2-r;+a)/(2a*)j ('2l/2-Re(w)/(2a*)-i/,r j , 



where is given by (2.13). If v E Sj^, then H{2,i,^r) is a subset of the right hand side of 



Corollary 1. Let a* > 0, < 0, > 0, -oo ^ a < l-u < P ^ P and let 1 < r < oo. 

(a) If u ^ orifl<r ^2, then H is a one-to-one transform on Zj^^r- 

(b) Let uj he given by (7.12) and let rj and ( be chosen such that either of the following 
conditions holds 



(i) a*Re(77) ^ 7(r) -2a^(l -i/) + A + Re(//), Re(?7) ^ /3-1, Re(C) ^ 1-/3, if -oo <a< 



(ii) a*Re{ri) ^ 7(r)-2a*z/+A+Re(//), Re{ri) ^ /?-l, Re(C) ^ 1-/3, if-oo = a < /3 < oo; 

(iii) a*Re(77) ^ 7(r)-2a;[(l-z/) + A + Re(^), Re(77) > -z/, Re(C) < i^, if-oo < a < /3 = oo. 

Then if v ^ £^jf, H{£,^^r) can be represented by the relation (7.15), and if u e H{£,,^^r) 
is a subset of the right hand side of (7.15). 

Corollary 2. Let a* > 0, < 0, 03 > and let -00 <q;<1-z/</3<oo, l<r<oo. 

(a) If v ^ E'x-, oriflKr^ 2, then H is a one-to-one transform on Zi,^r- 

(b) Let 2a\a — a^P + Re(//) + 7(r) ^ 0, where ji is given by (1.7), and let C, be chosen 
such that Kc{() ^1-/3. Then if v ^ H{2,yj.) can be represented by the relation (7.15), 
and if u G tiien H{£,^^r) is a subset of the right hand side of (7.15). 
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